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ABSTRACT. We prove a stability estimate for the functions that are almost
extremals for the Bellman function related to the LP norm of the dyadic maxi-
mal operator in the case p > 2. This estimate gives that such almost extremals
are also almost "eigenfunctions" for the dyadic maximal operator, in the sense
that the LPdistance between the maximal operator applied to the function and
a certain multiple of the function is small.
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1. INTRODUCTION

The dyadic maximal operator on R™ is a useful tool in analysis and is defined by
1
(1.1) M 4¢(z) = sup {@'/ |p(u)|du: z € Q, @ CR" is a dyadic cube}
Q

for every ¢ € LIIOC(R”) where the dyadic cubes are the cubes formed by the grids

2-N7Z" for N =0,1,2, ....
As it is well known it satisfies the following LP inequality

p
(12) 591, < L= o,

for every p > 1 and every ¢ € LP(R™) which has been proved best possible ([2] for
the general martingales and [17] for dyadic ones).

In studying dyadic maximal operators as well as more general variants it would
be convenient to work with functions supported in the unit cube [0, 1]™ and replace
Md by

(1.3)  M}p(x) = sup {1/ |p(u)|du:xz € @, Q C[0,1]" is a dyadic cube}
Ql Joq

and hence work completely on the measure space [0, 1]™ and actually we can work
on a general nonatomic probability space with a martingale structure similar to the
dyadic one.
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An approach for studying such maximal operators is the introduction of the so
called Bellman functions (see [6]) related to them. It has been shown (see [3] and
[10] for a different approach) that for any p > 1 the Bellman function

(1.4)
1

By(F, f, L) = sup { / (Mag)? : Avg(9”) = F,Avq(9) = f, sup Avg(¢) = L}
Q| Jq R:QCR

where @ is a fixed dyadic cube, R runs over all dyadic cubes containing Q, ¢ is

nonnegative in LP(Q) and the variables F, f, L satisfy 0 < f < L, fP < F', is given

by

F prlf(pl)Lp)p if L _b
(15)  By(F.f.L)= ( , copt!
LP + ( P(F —fP)if L > ——Ff.
p—1 p—1

where w,, : [0,1] — [1, Ll} denotes the inverse of the strictly decreasing function

Hy(z) = —(p—1)2P + pzP~! defined for z € [1, Ll] From this (1.2) follows, but
p—

the above gives more information on the behavior of the dyadic maximal operator,
since it relates its size not only to the local LP norm of the function ¢ but also to
the local variance of it.

For more on Bellman functions and their relation to harmonic analysis we refer
to [6], [7], [8] and [16]. For the exact evaluation of Bellman functions in certain
cases we refer to [1], [2], [3], [5], [10], [11], [12], [13], [14], [15].

To prove (1.5) we let (X, ) be a nonatomic probability space and let 7 be a
family of measurable subsets of X that has a tree-like structure similar to the one
in the dyadic case (see [3]) and we define the maximal operator associated to 7 as
follows

(1.6) Mré(z) zsup{ﬂ(ll)/l|¢|du:arele’7}

for every ¢ € L'(X, ). This can be viewed a local maximal operator, everything
happening inside a unit cube i.e. X and is actually the corresponding martingale
maximal operator. Then we consider the corresponding local type Bellman function

(1.7)
BI(F.p) =swnl [ (Mropanso=0.0€ (X, [ du=F. [ odu= )

for any p > 1 and in [3] we have proved the following, from which the other estimates
follow:

(1.8) BI(F,f) = Fuw, (J;J)p

In analyzing this estimate more deeply one is lead to consider what proper-
ties have the extremals or approximate extremals for it. In this direction it has
been proved in [9] (for fixed F, f,p) that if a sequence (¢, ) of nonnegative func-

tions is extremal for (1.8) in the sense that [y ¢2du = F, [y ¢ndp = f and
p\ P
lim,, [ (M7, )Pdp = Fuw, <‘;) then in the limit the sequence behaves like an
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approximate "eigenfunction" of M7 meaning that lim,, [y [M7¢, — cdp|” dp = 0

p
where ¢ = w), (Jl;)

In the present paper we will provide for the case p > 2 a stability estimate
that bounds the strong LP-deviation of an almost extremal function from being
an "eigenfunction"of My. The precise statement is given by the following main
theorem of this paper.

Theorem 1. Let p > 2 be given. Then there exists an absolute constant Cp, such
that: If (X, u,T) is a nonatomic probability space equipped with a tree-like family,
if F, f > 0 are real numbers with f < FY? and if 6 > 0 is sufficiently small then
for any nonnegative function ¢ € LP(X) satisfying fX PPdy = F, fX odp = f and

p\ P
Jx (Mz¢)Pdp > (1 —6)Fuw, <‘;) the following holds

(1.9) [ 1btzo ol dn < 6,5

where ¢ = wy, | = |.
F

Using the properties of w, (see Lemma 2 in [3]) it is then easy to deduce the
following, which provides in particular a stability estimate for the classical Doob’s
inequality (1.2) for martingales.

Corollary 1. Let p > 2 be given. Then there exists a absolute constants A,
and B, such that: If (X,u,T) is a nonatomic probability space equipped with a
tree-like family and if ¢ € LP(X) is a nonnegative function satisfying ||Mad|, >

(L ) 9ll, where e > 0 is sufficiently small then we have:

p—1 °

< Bpllol, e
P

(1.10) HMISAPWMamWH”H¢—p€1¢

The proof of Theorem 1 uses the combinatorial approach for the Bellman function
B, that was introduced in [3].

2. PRELIMINARIES

As in [3] we let (X, p) be a nonatomic probability space (i.e. pu(X) =1). We
give the following.

Definition 1. (a) A set T of measurable subsets of X will be called an N-homogeneous
tree (where N > 1 is an integer) if the following conditions are satisfied:

(i) X € T and for every I € T there corresponds a finite subset C(I) C
T containing N elements each having measure equal to N~ 'u(I) such that the
elements of C(I) are pairwise disjoint subsets of I and I =|JC(I).

(1) T = U0 Tim) where Ty = {X} and T(y11) = UIeT(m) c(I).

We could replace the disjointedness condition in (ii) above by asking that the
pairwise intersections have measure 0 instead. But then one would replace X by
XN\Urer UJl,JgeC(I), AT (J1 N J2) which has full measure.
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Now given any such 7" we define the maximal operator associated to it as follows
(2.1) Mry(x) =sup{Avi(|¢]) :x €[ €T}

for every v € L'(X, u) where for any nonnegative ¢ € L'(X, 1) and for any I € T
we have written Av;(¢) = ﬁ J; odp.

Let ¢ be a nonnegative nonconstant 7 -step function, that is there exist an integer
m >0 and Ap > 0 for each P € 7(;,) such that

(2.2) ¢ = Z APXP

PET(m)

(where xp denotes the characteristic function of P). For every z € X we let I(z)
denote the unique largest element of the set {I € T : z € I and M7 ¢(x) = Avi(¢)}
(which is nonempty since Av;(¢) = Avp(¢) whenever P € 7.,y and J C P). Next
for any I € 7 we define the set

(2.3) Ar =A@, 1) ={z € X : Iy(x) = I}

and we let S = S, denote the set of all I € 7 such that Ay is nonempty. It is clear
that each such Ay is a union of certain P’s from T(m) and moreover

(2.4) Mr¢ =" Avi(¢)xa,.

Ies

We define the correspondence I — I* with respect to S as follows: for any I € S,
I* is the minimal element in the set of all J € S that properly contain I. This
is defined for every I in S that is not maximal with respect to C. We also write
yr = Avy(¢) for every I € S.

The main properties of the above are given in the following (see [3] for the proofs).

Lemma 1. (i) For every I € S we have I = |J Aj.
S§3JCI
(ii) For every I € S we have Ay = I\ | J and so p(Ar) = p(l) —
JeS T =I
> sesige—1 M(J) and Avi(¢) = ﬁ dlsesiucr fAJ pd.
(i1i) For a I € T we have I € S if and only if Avg(d) < Avi(¢) whenever
1CQeT,1I#Q. Inparticular X € § and so I — I* is defined for all I € S
such that I # X.

The above Lemma shows that this linearization of M7 ¢ may be viewed as a
multiscale version of the classical Calderon-Zygmund decomposition.

We will also need the following technical Lemma (similar to the well known
Clarkson’s inequalities).

Lemma 2. Let p > 2 be given. Then
(i) For all s,t > 0 we have

(2.5) tP — 8P > |t —s|” +p(t —s)sP~ L

(ii) If (X, ) is a nonatomic probability space and if h € LP(X) is nonnegative
then
(2.6) / hPdp — (/ hdp)P > / ‘h/ hdu
X X X X

P
du.
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(iti) If x,y, A, u > 0 then

Aﬂc+uy>” o AT 4 Tt 5=y’

(2.7) AzP + py? — (>\+M)< Mt (A + p)P

Proof. (i) By homogeneity it suffices to prove it when s = 1. If ¢ > 1 we let
t = 14z, = > 0 and note that the function f(z) = (1+z)?—z?—1 has f"(x) = p(p—
D[(14z)P72—2P72] > 0and f(0) =0, f/(0) =p. ft < lwelett=1-2 (0 <z <1
and note that g(z) = (1—2)? —aP — 1 +pz has ¢'(x) = p(1— (1 —z)P~L —aP~1) >
since 0 <z <1andp>2.

(ii) This follows using (i) to get 1P (z) — ([, hdp)? > |h(z) — [y hdu|” +p(h(z)—
Jx hdp)( [y hdp)P~" and integrating dpu(z).

(iii) Follows from (ii) with h defined on [0, 1] (with the Lebesgue measure) to be
xzon [0, \/(A+ p)] and y on [A/(A+ w),1]. O

O —

3. PROOF OF THEOREM 1

Here we will denote by C' any absolute positive constant, depending only on
p > 2. First we remark that it suffices to prove Theorem 1 in the case where
¢ is supposed to be a nonnegative 7-step function. Indeed for a general ¢ let

¢m be its conditional expectation on 7(,,y that is ¢, = > Av;(¢)xs and so
IG’T(m)

Jx Oomdp = f, Fp = [ ¢bdp < [ ¢Pdp = F, by Holder, and moreover the

sequence M1 ¢, = > max{Av;(¢): I C J € T }xs converges monotonically to
1€T(m)

M7 ¢ and so using (1.8) and the fact that % is striclty decreasing (see Lemma
2 in [3]) we get

(1-08)Fuw, (J;) < /X (Mz)Pdp < lim /X (M )Py <

7N\ 7Y\

m

thus F' — liminf F,,, < CF¢ and therefore using also Lemma 2(ii) on each I €
T(m) (with normalized measure) and adding we have liminf [ | — ¢y, |" dp < F —

P
liminf F;,, < CF¢$ and fX(MTgbm)pdu > (1- g)mep < /

Frn
large m and noting that

1/p 1/p
( / |MT¢—c¢|pdu) <( / |MT¢—MT¢m|”du) ;
X X

1/p 1/p
+c </X |p — dm " dM) + (/X | Mz ¢ — chdm |’ du)

we conclude that having the estimate of Theorem 1 for ¢,, for all sufficiently large
m we get also it for the general ¢ (with a different constant C,,).

P
> for all sufficiently
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Therefore we assume from now on that ¢ is a nonnegative 7 -step function and
use the decomposition (2.4) of My ¢. Next we define the function

1
(3.1) V=3 /A o

Ies

noting that by (2.4) and Lemma 1 Mz¢ < M) pointwise and so writing F =
Jx ¥Pdp < [ $Pdp = F we have

1 -Fw, (£)' < [ (trorans [(atroyan < po, (£)

hence F — F < CF§. Thus Lemma 2 (ii) gives

RS I;ufh/ @/Af’d”pu(djf)g
(3.2) < u(Ar) U v <M(ih) /A\,qbd”)p} — F—F<CF$

Ies
and since M7¢ < Mr¢+ My |¢p — | it suffices to prove the estimate (1.9) with ¢
instead of ¢.
We now let as in [3], ar = pu(Ar) = p(I) = > jes.ye—r #(J), pr = % € (0,1)
and yr = Avy(¢) for every I € S and then Lemma 1 implies that with z; =
ﬁ S, ¢dp we have

yinl) = 3 ses. =1 Yar(J)
wd) =32 jes =1 1(J)
fp

F)>1,,6:0—1>O,TI=ﬁ—|—1—BpI>0andusing

Holder’s inequality as in [3] we get

(33) Xy =

Moreover we let ¢ = w,

P> Z yzu — > e Yap(J )EP >

Ies ZJ*—IM( )P
yml (ap())"
>I§ (rgp(I))r=1t J;,((ﬂﬂ) (J))P— r) =

_ (yrp(1))? (yrp(1))?
B ; (Trp(I))p=1 126; ((B+Dp(1))r-1

I#X
p
e 11 1 v
=57t (5= - Jaryy =
% Zs priopt (BT
I£X
P
Yx 1 1 1 P
_ - - >
B > m((ﬁ +1—Bpr)p~t (B+1)p! Jaryy 2
IeS
I#£X
VA e V) 1)pp®
3.4 >+ 1Yy N RN praryy
(3.4) § (B+1) I;S I 5+ 1)p+1 Z 1

IZX



STABILITY OF BELLMAN FUNCTION 7

since for z > 0

1 B 1 _ [ =18
(B+1—px)p-t (ﬂ+1)p*1_/o (B+1fﬂu)pd =
T —-1)8 (p — )pBu (p—1pz  (p—1)pp2a?
s [(BH)P“+(ﬂ+1—ﬁu)”+1]duz Grip 2Bt e

Therefore we have (using also (3.5) with = px)

(3.6) F>— g+ 6/ Mz ¢)Pdp +(W/ p(M1 ) dp

(B+1)p—t 5+1 2(B 4 1)ptt
p—1 P
where p = > ;s prxs. But since as can be easily seen (1+ ﬁ) B+ 1) 1F /
7\ 7N\
Fuw, <F) the assumption [ (M7¢)Pdp > (1 — 6)Fuw, <F> combined with
(3.6) gives
(3.7) F>F—CFé+ Cp? / p(Mz¢)Pdp.
X
thus
(33 (=17 [ pOroyan < CFs
b's

Now ignoring the term leading to fX p(Mr1¢)Pdy in the string of inequalities
(3.4) resulting in (3.7) we get (using Holder in the first step)

= 2| ) e (TP DT 2 (en(T)p

DR €7/ 771C0) N O Dy 3 17771 C)) i
S ) R i) e ST ) }

(yrpd) — arzr)? (yrp(1))? ]

CF§ > (yip(D) = gyl )P (yrp(I)P 3 W(J))p] .

= 2 [ D) —eany T (el — (o - Dan-

and since by Lemma 2 (iii)

pr2 41— o) (L) (o e myon) ()

c(1—pr) c-1
AT (et = pp))r ! o Yoo’
> pre(l —pr) (c—(c—1)ps)P ! c(1—pr)

> Cpr|(c— (¢c—=Vpr)zr —yrf”
we conclude that

/ Mz — e+ (e~ DpfPdu=3arl(e - (c — Vpr)as — yil” < CF6.
IeS

But by (3.8)

/ (e — Vol dp < (e — 1) / puPdu < Clc—1)° / p(Mri)Pdy < CFS
X X X

so using also M7y < M7¢ + Mz |¢ — 9| and (3.2) we get the desired estimate for
1 and this completes the proof.
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