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Abstract—In this paper, the problem of adaptive distributed
learning in diffusion networks is considered. The algorithms
are developed within the convex set theoretic framework. More
specifically, they are based on computationally simple geometric
projections onto closed convex sets. The paper suggests a novel
combine-project-adapt protocol for cooperation among the nodes
of the network; such a protocol fits naturally with the philosophy
that underlies the projection-based rationale. Moreover, the pos-
sibility that some of the nodes may fail is also considered and it is
addressed by employing robust statistics loss functions. Such loss
functions can easily be accommodated in the adopted algorithmic
framework; all that is required from a loss function is convexity.
Under some mild assumptions, the proposed algorithms enjoy
monotonicity, asymptotic optimality, asymptotic consensus, strong
convergence and linear complexity with respect to the number of
unknown parameters. Finally, experiments in the context of the
system-identification task verify the validity of the proposed algo-
rithmic schemes, which are compared to other recent algorithms
that have been developed for adaptive distributed learning.

Index Terms—Adaptive filtering, adaptive projected subgra-
dient method, consensus, distributed learning, diffusion networks.

I. INTRODUCTION

ISTRIBUTED networks, in which nodes are tasked to

collect information and estimate a parameter of interest,

are envisioned to play a central role in many applications. Typ-

ical examples of these are: environmental monitoring, acoustic

source localization, distributed classification, life sciences, etc.,

[1]-[5]. The general concept of such networks can be summa-
rized as follows:

« the nodes sense an amount of data from the environment;

« the essential computations, in order to estimate the un-

known parameter, are performed in each one of the nodes;
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* each node transmits the obtained estimate to a subset of
nodes, with which communication is possible, under the
network’s topology constraints.

The goal is to drive the estimates, that are obtained from all
the nodes, to converge to the same value (consensus) of the un-
known parameter. In such a way, one can exploit all the data
information, which becomes available at each node.

A first approach to the problem is to resort to a centralized
solution; each node collects data, which are subsequently trans-
mitted to a central node, also known as the fusion center, in
which the computations are performed. This philosophy is the
simplest one, albeit it is not always feasible to be adopted, due to
geographical constraints and/or limited bandwidth. Moreover,
this scheme lacks robustness, since whenever the fusion center
fails the whole network collapses. Henceforth, one has to seek
for a decentralized solution, where the nodes can themselves
take part in the computations.

A typical paradigm of a decentralized distributed network
topology is the incremental one [6], [7]. Each sensor is able to
communicate with only one node and consequently the nodes
constitute a cyclic pattern. Although this topology requires
small communications bandwidth, it is not practical to be ap-
plied in networks with many nodes. Moreover, in the case of a
possible node failure, the network collapses. For these reasons,
in many applications, a diffusion topology is adopted, where
each sensor can communicate with a subset of nodes, which
define its neighborhood. Each node receives information that
consists of the updates of the unknown parameter, which have
taken place in the nodes of its neighborhood. In the sequel,
the steps of information fusion and parameter adaptation are
performed according to a protocol. Although this topology
requires larger bandwidth and the convergence analysis is
more challenging, it accelerates the procedure of estimating
the unknown parameter ([8]-[10]) compared to the case where
each node works individually. Moreover, it is robust to cope
with cases where a number of nodes are malfunctioning and its
implementation is easier when large networks are involved.

The algorithms which are developed in this paper belong to
the family of the adaptive projected subgradient methodology,
[11]-[13], which enjoys a number of advantages such as the
following:

+ any form of continuous nonnegative convex loss function
can be used, without altering the structure of the algorithm
as well as its theoretical analysis;

* convex constraints can be readily incorporated in the opti-
mization task, in a rather trivial way, e.g., [12], [13];

 the computations are cast in terms of inner products, hence
the kernel trick can potentially be exploited in order to deal
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with the presence of nonlinearities in the problem, e.g.,
[14].

The main contributions of the current paper can be summa-
rized as follows:

* A new combine-project-adapt protocol is adopted. This is

a modification of the combine-adapt protocol [9]. In each
node, after the fusion and prior to the adaptation, a pro-
jection step is employed, whose purpose is to “harmonize”
the received estimates from the neighborhood nodes. Its
effect, as we will see, is to speed up convergence, and it
fits naturally within the philosophy of projections that em-
braces the algorithmic family within which our solution is
developed.

* The case of having some of the nodes malfunctioning is

considered.

» Full monotone convergence to a single point, which satis-

fies the consensus requirement, is given in the Appendices.

The paper is organized as follows. In Section II, we describe
the notation that will be used throughout the paper, as well as the
general formulation of the problem, and in Section III the dif-
fusion LMS is provided, whose simple structure can serve as a
comparative standard, and the notion of consensus is discussed.
In Section IV, the adaptive projected subgradient method, i.e.,
the kickoff point of our methodology, is presented, in simple
geometric terms, and in the following section a novel diffu-
sion algorithm is developed. In Section VI, we treat the case
where a subset of the nodes set is malfunctioning. This problem
is successfully attacked by adopting the Huber loss function
[15]. Finally, in Section VII, a number of simulations are pre-
sented. In Appendix A, some basic mathematical preliminaries,
concerning convex optimization, are briefly described and in
Appendix B full proofs of our theorems are provided.

Finally, we provide with some notation which will be useful
in the sequel. The set of real numbers and the set of non-nega-
tive integers are denoted by R and N, respectively. Furthermore,
we denote vectors by boldface letters, e.g., u, and matrices with
upper-case letters, whereas ||-|| stands for the Euclidean norm,
in the vector case, and the 2-norm, in the matrix case. The nota-
tion ()T stands for the transposition operator, with col{. ..} we
denote the supervector which is formed by the stacking of the
specified vectors, and diag{. . .} denotes the block diagonal ma-
trix, which consists of the matrices shown inside the brackets.
Finally, we denote the Kronecker product of two matrices by &.

II. PROBLEM FORMULATION

Consider a fully distributed network of nodes, and our goal
is to estimate an unknown vector w* &€ R™ using measure-
ments that are collected at each node. The node set is denoted
by A := {1,2,..., N} and each node, k, at time n, has ac-
cess to the measurements di (1) € R, uy,,, € R™. We assume
that there exists a linear system, which generates these measure-
ments according to the model

di(n) = uz’nw* + v (n) )

where v () is an additive noise process of zero mean and vari-
ance o;. A linear system, as defined by (1), is very common in
adaptive filter theory, e.g., [16], [17]. Furthermore, we assume
that every node is able to communicate with a subset of A/, say
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Fig. 1. An example of a diffusion network with N = 7 nodes.

N, which is known as the neighborhood of k. Throughout this
paper, we assume that every node is a neighbor of itself, i.e.,
k € N, Yk € N . This scenario is depicted in Fig. 1.

The nodes cooperate with each other, which implies that the
estimate obtained at a certain node will be exploited by its neigh-
borhood; it turns out that such a scenario accelerates conver-
gence and it also leads to a better steady state performance, com-
pared to the case where every node works individually, e.g., [5],
[9], [18]. Moreover, such a cooperation can provide asymptotic
consensus ([18], [19]), i.e., all nodes will converge to the same
estimate. In the literature, three cooperation schemes have been
proposed:

» combine-adapt, e.g., [9], [20];

 adapt-combine, e.g., [19], [21], [22];

+ consensus based, e.g., [8], [18].

In the combination stage, the information fusion takes place,
as stated before, and the adaptation stage computes an estimate
of the unknown parameter vector. In the consensus-based algo-
rithms, there is no clear distinction between the combine and
adapt steps.

The network’s topology can be represented by the adjacency
matrix £(n) (N x N), with elements

] 1, ifl e My
Ealn) = {0, ifl ¢ N

It must be pointed out that the adjacency matrix, henceforth
the network’s topology, can be time varying, e.g., [19]. Addi-
tionally, we define the connectivity graph of the network G =
(N, &), which is assumed to be strongly connected, i.e., there
is a path connecting any two nodes in it. This is a very common
assumption that is adopted in distributed learning in diffusion
networks, e.g., [8], [19], [23] and it is essential in order to reach
consensus. Exploiting this topology, we can define the cooper-
ation strategy through the combination matrix C(n), which is
defined as

epi(n), ifl e Ny
Ck,l(n):{o’“v"( ): ifl/gé./\/;f.

where ¢, ;(n) > 0 are known as the combination coefficients.
A very important property of this matrix is: > ;- cx1(n) =
1, k=1,..., N.Two typical examples of the combination ma-
trix, C(n), are the Metropolis matrix, and the Nearest Neighbor
matrix. The Metropolis matrix is defined as

ifl € Ny andk #1

ifk=1
otherwise

1
max(|Ng|,|N;])?

Cra(n) = 9 1= 3 1c ik ot
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whereas the Nearest Neighbor one as

ifl € Ny

1
= ‘ k | ’

cr(n N
ka(n) { 0, otherwise

where |V} stands for the number of neighbors of node k. Fi-
nally, if C(n) is properly chosen, as for example in the previous
examples, then ||[C(n)|| = 1, a property that turns out to be very
useful, as we will see later on (see also [9], [19]).

III. DIFFUSION LMS AND THE CONSENSUS MATRIX

A first approach to address the problem is the Diffusion LMS
proposed in [9]. We present here the algorithm for the sake of
comparison and also in order to serve as an introduction to the
family of adaptive filters in distributed networks, since the LMS
has established itself as the “standard”, mainly due to its sim-
plicity. The LMS is an algorithm that approximately minimizes
recursively the mean square error

n}"i’nE {Hd — UTW||2}

where F {-} denotes the expectation operator, U

as columns the input vectors, uy, where the dependence on
n has been dropped, and d = [dy.ds, ..., r],N]T € RN. The
combine-adapt diffusion LMS, for every node, is given by the
following:

o.(n) = Z cr1(n+ Dywi(n)
IENG
wi(n+1) =@y (n) + pe(n +1)

X (di(n+1) = ui 1@ (n) W s (3)

2)

where 14 (n + 1) stands for the local step-size. It is readily seen
that (2) constitutes the fusion step (combine) and (3) the adap-
tation step (adapt). One can rewrite the previous equations for
the whole network

{ o(n) = G(n+ Dyw(n),
w(n+1)=¢(n) + M, 1Up, 1 (d(n+1) - UL, 1(n))

where w(n) col{wi(n),...,wx(n)} € RNm™xL

o(n) col{g;(n),....¢x(n)} € RN™1 U,
diag{w1 ny1.. .., unny1 F(NmXN), M, 41 = diag{p (n+
DIL,.,....ux(n + DL} (Nm x Nm), G(n + 1)
Cn+1)®IL,(Nm x Nm) and I,,, is the identity matrix
of size m x m. From now on, we will refer to G(n) as the
Consensus Matrix . Some properties of this matrix are [19]:

DG = 1.

2) Any consensus matrix can be decomposed as

G(n)=X(n)+ BB7, 4)

where B = [by,....by,] isan Nm X m matrix, and by, =
%, ey, is amn x 1 vector of zeros except the %th entry,
which is one and X (n) is an Nm x N matrix such that
X ()] < 1. v

3) Gin)x = x,Vx € O= {z € R¥™ : z =

col{p,....,p}, p € R™}. The latter set is the so
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called consensus subspace of dimension 7, where

,m, constitute a basis for this set. From the
last argument, it can be readily verified that the orthogonal
projection of a vector, x, onto this linear subspace is given
by Po(x) := BBTx, vx € R¥™,

IV. ADAPTIVE PROJECTION ALGORITHM USING PROJECTIONS
ONTO HYPERSLABS

The algorithms to be developed belong to the family of the
adaptive projected subgradient method (APSM) presented in
[11] and generalized in [13]. At the heart of the method lies the
following concept. Instead of a single loss function, that is min-
imized over the whole set of measurements, each time instant
is treated separately. Given the measurement pair (u,, 41, d(n +
1)) € R™ x R, at time n+ 1, the designer quantifies his/her per-
ception of loss, with respect to the received measurement pair,
by a “local” loss function, which can also be considered to be
time varying (e.g., [19]). This “local” loss defines a region (set
of points), which is also known as a property set , where the es-
timate of the unknown vector would be desirable to lie, in order
to be considered in agreement with the current measurements
(i.e., low error, smaller than a predefined threshold). Assuming
the “local” loss function ©,,11 : R™ =R : w — ©,,.1(w)
to be convex, the respective property set, is nothing but the as-
sociated 0-th level set defined as lev<(©,11 = {w € R™ :
O,,+1(w) < 0}, which is also convex. The goal is to find a point
in the intersection of all these property sets, one per time instant.
This is the same goal that defines the classical projections onto
convex sets (POCS) theory. However, here, the number of the
involved convex sets is infinite. So, from this point of view, this
theory can be considered as a generalization of the POCS. The
key algorithmic recursion is

w(n) = A0+ 1) &0 O (W(n),

win+1) = if0), 1 (w(n)) # 0
w(n), if0],11(W(n) = 0

©

where @7, (w(n)) is the subgradient of ©,,,; at the current
estimate w(n) (the definition as well as the geometrical in-
terpretation of the subgradient are given in Appendix A) and
A(n + 1) € (0,2). The goal is to push the available estimate
towards the current property set, which is defined by the mea-
surement pair at time 1. This is illustrated in Fig. 2(b), where
being at w, a support hyperplane defined by a subgradient (the
gradient) divides R™ in two halfspaces (see Appendix A). Pro-
jecting w onto the halfspace, where the level set lies, guarantees
that we get closer to the level set, where a solution lies.

Before we proceed, it is interesting and it will help the reader
to grasp the reasoning behind the algorithms to be developed,
to notice a difference between Fig. 2(a) and (b). In Fig. 2(a), the
0-th level set is a hyperslab (see Appendix A), and one can reach
itin a single step, via a single projection of w onto the hyperslab.
In other words, APSM algorithm in this case, breaks down to
a simple projection onto the hyperslab. The case of Fig. 2(b) is
different, where in order to approach the level set, APSM results
in a succession of projections onto a sequence of halfspaces. All
these simple intuitive geometric concepts will be theoretically
documented in the Appendix B.
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I(T)

lev<(©

Py-(w)

R™

Li=

N

Hyperplane generated
by the subgradient

@

R™

Hyperplane generate /
by the differential e /
N //

®)

Fig.2. (a) A cost function whose 0-th level set is a hyperslab (b) A cost function
and the supporting hyperplane generated by the differential.

Remark 1: Note that the APSM stems for Polyak’s algorithm
[24]. Nevertheless, in contrast to Polyak’s algorithm, where the
cost function to be minimized is fixed, here it may be time
varying, a fact that allows the adopted algorithmic scheme to
be applicable in dynamic and time-adaptive scenarios. Further-
more, despite the fact that the geometrical properties remind
us of the Newton-Raphson algorithm, the two schemes are dif-
ferent. This holds, since in the Newton-Raphson algorithm a
matrix inversion is needed in order to update the recursion,
which is not the case in the APSM. Moreover, as stated before,
in the APSM based algorithms differentiability of the cost func-
tion is not essential. ]

As it has already been stated, if the property set is a hyper-
slab, then the recursion breaks down to a projection on this hy-
perslab. This is the case to be considered in this section. Given
the measurement pair (W,11, d(n + 1)) € R™ x R, the associ-
ated property set is defined as

Spp1 =AW eR™: |d(n+1) — wiup,1| < e} (6)

where € is a user-defined parameter and it is chosen such that to
account for the noise and it will be discussed in the next section.
The previous hyperslab is the 0-th level set of the loss function

0,1 1(w) = max{0, |[d(n+1)—w n, (1]—c}, w € R™. (7)
Every w that lies in the hyperslab scores a zero loss and it will

be considered to be in agreement with the current set of mea-
surements. Such cost functions are met in robust statistics and
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have been popularized in the context of SVM regression, e.g.,
[25].

The algorithm whose goal is to push the currently available
estimate towards the hyperslab, which is defined by the current
set of measurement points, is given by

w(n+1) =w(n)+ pu(n+1) (Ps,,, (w(n)) — w(n)) (8)

where Ps, ., is the projection operator associated with the hy-
perslab (6) and it is provided in Appendix A and p(n + 1) €
(0,2). Tt is a matter of simple algebra to see that (8) holds if (7)
isused as a loss function in (5). Moreover, as it is always the case
with adaptive algorithms, recursion steps coincide with time
steps. This algorithm can be further generalized if one projects
onto the ¢ more recent hyperslabs and then take a convex combi-
nation of the result. The effect of this is to speed up convergence,
and reminds us of the rationale behind the APA algorithm, e.g.,
[16]. The resulting algorithm then becomes

w(n+1) =w(n)

+un+1) | Y wiPs(wn)—w(n)| (9

1€Tn1

where J,,+1 := max{0,n — ¢+ 2},n+ 1 and the overline
symbol, for given integers j1, 72 with j1 < jo, is defined as
jl?jl) = {jlvjl + 17 e vj?}' Moreover, Zje(],wrl Wi = 1 and
p(n + 1) is chosen so as to guarantee convergence. As it has
been shown, the scheme converges to the intersection of all the
hyperslabs (hence it is in agreement with all the measurements)
with the possible exception of a finite number of them, which
allows for the presence of outliers [11]-[13]. In the next section,
we present a diffusion version of it.

V. DIFFUSION ADAPTIVE ALGORITHM USING PROJECTION
ONTO HYPERSLABS

Consider the problem described in Section II. The goal is to
derive (9) for every node of the network, following the rationale
behind the diffusion LMS, as presented in Section III. Although
this is a possibility, here we have added an extra step, that fol-
lows the combination stage and precedes the adaptation one. As
it will become apparent in the simulations section, such a step
turns out to be beneficial to the convergence performance, at the
expense of the minimal cost of an extra projection onto a hyper-
slab 5}, ., 1, which is defined as

Stnpr = (W€ R™ : [di(n+ 1) = w i | < i}

where 62, > €1, and €, is the user defined parameter associated
with the hyperslabs, that will be used in the adaptation step at
node k. The algorithm comprises the following steps:

1) The estimates from the nodes that belong to N}, are re-

ceived and convexly combined.

2) The aggregate is first projected onto the hyperslab SLH 41

3) The adaptation step is performed.

Algorithm 1:

. (n) = Z eri(n+ Lywi(n) (10)
leEN
2(n) = Py, (#(n) (i1
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Fig. 3. Illustration of an iteration for the case of ¢ = 2. The aggregate is pro-
jected onto an external hyperslab and the result, z (n), is used in the adaptation
step. Note that z, ( n) is projected onto S ,,+1 and S ., and the projections are
combined together. The update estimate, w, (1 + 1) lies closer to the intersec-
tion of the hyperslabs, compared to ¢, (n). Note, also, that hyperslab S}, .|,
contains S ,41-

wi(n+1) =2zp(n) + pr(n+1)

X Z wi,; Ps, ;(z(n)) — zx(n)

FJETn+1

(12)

The geometry for the case of g = 2 is shown in Fig. 3. The
aggregate ¢, (n) is first projected onto S}, ,, ,; to provide zx(n).
The latter is the point that gets involved in the adaptation step,
which consists of the projections onto Si -1 and Sg ., and
in their subsequent convex combination in accordance to the
APSM rationale. As it will be shown in the Appendix B, con-
vergence is guaranteed if pup(n + 1) € (0, 2My(n + 1)) where

( Z wkijPSk,j (zk(n))fz/zc(n)”2

JE€ETnt1

PR

> wh,j Py, ; (Zr(n)) =2k (n)

J€Tn41
if > wi;Ps, (zx(n)) # ze(n)
1€ETn—1
otherwise.

Mi(n+1) =

(1,

(13)
Also, My (n+1) > 1[26], hence j1x(n+1) = 1 isan acceptable
step-size Vn € N.

Before we proceed further, let us “translate” (10)—(12) from
the local to a global form to include all nodes. It is a matter of
simple algebra to see that
[ Z (77)

z(n) :
L YN (77)
- Ps (ZleNl cra(n + )wi(n))
Psé,n+1 (ZZEJ\/Q coi(n + l)wl(n))

(14)

| Psy 0y (Xieny enialn+ Dywi(n))
w(n+ 1) =z(n)+ M,41

Zj6~7n+1 w1, Ps, (z1(n)) — 2z1(n)
> iedne, w2ils, ;(22(n)) — 22(n)

Zjej,#l wN;]'pSN,j (ZN(n)) - ZN(n)

(15)
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where M, 11 = dlag{p1(n+ D)L, pa(n+ D)L, ..., pn(n+
1L, }.

Observe that the resulting scheme is structurally simple. It
consists of two vector equations, one for the combination/fusion
and one for the update. The main operations that are involved are
projections. The complexity per time update amounts to O{grmn)
in every node. Moreover, in a parallel processing environment,
the ¢ projections can take place concurrently.

As it will be established in Appendix B, the algorithm (14)
and (15) enjoys a number of nice convergence properties such
as monotonicity, strong convergence to a point and consensus.
To prove these properties the following assumptions must hold.

Assumptions:

a) There exists a non-negative integer, say ng, for which 2 =
MNisn, 2n) # 0, where Q(n) = Nyenr Njes,, Sk
This means that the hyperslabs share a non empty inter-
section. However, it is possible for a finite number of
them, n¢, not to share a common intersection. This is im-
portant, since the presence of a finite number of outliers
does not affect convergence. A case where such an as-
sumption holds true is whenever the noise is bounded, and
the width of the hyperslabs, determined by the parameter
€k, is chosen appropriately so as to contain w*.

The local stepsize pi(n) € (0,2Mp(n)), k=1,..., N.

As it is always the case with adaptive algorithms, the

adaptation step must lie within an interval, in order to

guarantee convergence. Here, this interval is computed by

the algorithm itself.

c) Let e1 > 0 be a sufficiently small constant such that
pe(n) € [exMe(n), Me(n)(2 —¢e1)], k=1,....N.

d) In order to guarantee consensus the following statement
must hold: €}, > €, Vk € N.

e) Let us define € := O N Q, where the Cartesian product
space, {2, is defined as Q Qx---xQ and O has

M—/

b)

been defined in property 3) in Section ?II. We assume that

rip(€) # (b, where rip(€) stands for the relative inte-

rior of € with respect to O, and its definition is given in
Appendix A.

Theorem 1: For any w € €, which is of the form w

[W7,...,wT]" € R¥™ with w € ©, the following hold true.

1) Monotone Approximation. Under assumptions a) and b)

(16)

The previous inequality yields that, the distance of w(n)
from any point w € € (that comprises our solution space)
is a nonincreasing function of the time adaptation step, 7.

2) Asymptotic Minimization. Monotone approximation “in-
forms” us, as stated before, that every iteration step takes
the current update closer to a desired solution. However,
this cannot guarantee that asympotically the algorithm con-
verges to a point that lies close to the intersection €. If as-
sumptions (1), (3) hold true then

lw(n+1) —w| < [[w(n) — |, Yo > ng.

lim d(wg(n),Qn)) =0, Vke N

n — oo

where d(wy(n), 2(n)) is the distance of wy,(n) from Q(n)
(the definition of the distance function can be found in



CHOUVARDAS et al.: ADAPTIVE ROBUST DISTRIBUTED LEARNING IN DIFFUSION SENSOR NETWORKS

Appendix A). In other words, the distance of the obtained
estimates, in each one of the nodes, from the intersection of
the respective hyperslabs that define the solution set, tends
asymptotically to zero.

3) Asymptotic Consensus. It has been shown, [19], that in
order to achieve asymptotic consensus, i.e., [27]

lim [[wi(n) —wi(n)|| =0, Vk,l e N (17)

the following must hold true:

. o T _
nh_lznoc[(IA, w — BB )w(n)] =0,
where Iy, stands for the Ny x N identity matrix. The
previous statement is true under assumptions a), ¢), and d).
4) Strong Convergence. If a), c), d), and e) hold true, then
there exists w,. € O such that

lim w(n) =w..

n —F oc
In other words, the sequence generated by (15) converges
strongly to a point in O.
Proof: The proof is given in Appendix B. ]
Remark 2: A projection based algorithm of the adapt-com-
bine type has been developed in [19]. In contrast, our algo-
rithm follows the combine-project-adapt philosophy. This sce-
nario gives us the advantage of being able to accommodate the
extra projection. The notion behind this extra step is to “harmo-
nize”, at each node, the information that is sensed locally with
the information transmitted by the neighboring nodes. Although
all nodes search for the same unknown vector (i.e., w*), the sta-
tistics of the regressors are, in general, different. For this reason,
by projecting the aggregate (which is the information collected
from the neighborhood) onto a hyperslab, i.e., S} ,,, which is
constructed using information that is sensed locally, we push
the aggregate closer to the feasible region and the convergence
is accelerated, which is verified by the experiments. Note that if
we let Pgr be the identity mapping, then the algorithm con-
forms to the s1mp1e combine-adapt cooperation protocol. An-
other notable difference with [19] is that the theoretical analysis
of the algorithm is different and we have proved strong conver-
gence of our algorithm, which was not the case with [19]. O
The choice of the value of the user-defined parameter, €z, is
dictated by the noise variance. If its value is very small, the
width of the involved hyperslabs is small and the convergence
is slow. If the value is large, the convergence speeds up, but the
final error floor increases. This tradeoff follows the same trend
that underlies the choice of parameters in most adaptive learning
schemes.

VI. INTRODUCING ROBUSTNESS TO COPE WITH A
FAILURE OF NODES

Consider a scenario, in which some of the nodes are damaged
and the associated observations are very noisy!. In such cases,

I'We assume that the noise remains additive and white. However, its standard
deviation becomes larger.
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the use of loss functions suggested in the framework of robust-
statistics are more appropriate to cope with outliers. A popular
cost function of this family is the Huber cost function, e.g., [15],
[28], defined as,

0, ifldg(n+1)- < Y
R slde(n+1) —w llkrr+1| i,
Opn+1(W)= ity <|dp(n +1)—wT uk ,L+1\<(’k
Crldp(n +1) — whug ppq| — 2 — %‘
otherwise.

(18)

The one-dimensional version of it is illustrated in Fig. 4. The
use of this function in the context of sensor networks has also
been suggested in [15]. Let us take a closer look at (18). First of
all, whenever |dg (n+1)—w7 1y, ,,.1| < &, we assume that our
cost function scores a zero penalty and the non-negative, user-
defined parameter, ;., defines the 0-th level set (property set) of
the function. On the contrary, if ¥, < |dg(n+1)—w? g 11| <
¢, where ¢ > g is also a user defined parameter, then the
estimate scores a non-zero penalty, with a square dependence on
the error. Finally, in the case when |dg(n + 1) — w? g 11| >
¢y, the measurements have probably occurred from a corrupted
node and the cost function now changes to a linear dependence
so as to treat it as an outlier.

In order to derive the new algorithm around the cost in (18),
all that has to change, with respect to the algorithm which was
previously developed, are the projection operators. Instead of
projecting onto hyperslabs, one has to project onto halfspaces,
denoted as Hy ,, ., which are formed by the intersections of
the supporting hyperplanes (associated with the subgradients)
and the space where the solution lies, as already discussed in
Section IV and illustrated in Fig. 2(b). Algebraically, this is done
by the APSM formula (5), i.e.

Ok n—1(w) O/
P (w) ”Ok a1 “’)H k, n+1( w),
Hona W) = 0}, (W) £ 0
w, otherwise.
(19)

The subgradient (:) ny1 Of the loss function is given by [29]
shown in (20) at the bottom of the next page where sgn(-) de-
notes the sign function.

We can also include the extra projection step, described in the
previous section, by introducing a modified version of (18) and
following a similar rationale as in Section V. However, instead
of projecting the aggregate ¢, (n) onto an external hyberslab,
we project it onto a halfspace that is generated by a properly
modified cost function (Fig. 4). To be more, specific we define

0, if|de(n+1)—

2|dk(n—|—1) w’l ug n+1|2 5
if 45 < |dk(n+ 1) wT llk 1 | < ¢

éelde(n +1) —
otherwise

T A
whiwy, pt1] < A
a7

ék’,n—l-l(w) =

whag py1| — 7‘—7k

where ¢; > Ay and Y, > . The latter condition is required to
guarantee consensus. The projection of an arbitrary point onto
the halfspace H ,’jn 41 1s similar to (19) and the algorithm for the
whole network is similar to the one given in (14), (15) with the
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levo(6) leveg(©) Frn+1

Fig. 4. Tllustration of the cost functions ©(-), ©(-). The aggregate, ¢, (n),is
projected onto H; . 41, which is the intersection of the hyperplane associated

with the subgradient at ©(¢, (r)) with the space R™, to provide z, (). In the
sequel, z,(n) is used into the adaptation step.

slight difference that the involved hyperslabs have been re-
placed by halfspaces.

As in the case of the hyperslab projection algorithm, the algo-
rithmic scheme, which employs the Huber loss function, enjoys
monotonicity, asymptotic optimality, asymptotic consensus
and strong convergence. Obviously, the assumptions under
which the algorithm enjoys these convergence properties have
to change compared to the algorithm of the previous section.
More specifically, £ now becomes 2" = 1,5, @'(n) # @
where Q'(n) = (yen jes, ., Hy, ;- Furthermore, the step-
sizes must lie inside the interval w1th upper bound determined
as in the previous algorithm, with the difference that My (n)
is replaced by a parameter determined by the projection oper-
ators onto the respective halfspaces. Finally, the assumption
regarding the consensus is now 4% > 7. Such a choice guar-
antees that lcv<0()k nt1 C 1LV<0()k n+1, Which is required in
order to prove consensus (see Appendix B).

Remark 3: Note that although the loss function used in this
section is quite different compared to the hyperslabs used be-
fore, both algorithms, i.e., the one built around the Huber loss
function and the one given in (14) and (15), are of the same form.
The only difference lies in the projection operators. Moreover,
the theoretical analysis is exactly the same. All that matters is the
property of convexity. This is a major advantage of the method-
ology behind this set theoretic approach.

VII. NUMERICAL EXAMPLES

In this section, we present simulation results in order to study
the comparative performance of the developed algorithms with
respect to previously reported schemes. The general framework
of our experiments is the system identification task in diffusion
networks. A linear system described by (1) is adopted and our
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goal is to estimate the unknown vector w* using the measure-
ments di(n), W . The components of the regression vectors,
i.e, Win = [k, -, Ukn_mt1], are generated according to

Uk n = Q/)k’uk7n,,1 + Xk, vk € N',

where ¢, € (0,,,) and it is distributed according to the uni-
form distribution and v,, is a parameter that we alter throughout
our experiments in order to investigate the behaviour of the al-
gorithms for cases where the regressors are strongly or weakly
correlated. Finally, x1 , is Gaussian with unit variance. The
standard deviation of the noise v (1), which is assumed to be
white and Gaussian, equals to o, = bro, where by € (0,1)
under the uniform distribution and «,, is user-defined and will
change throughout our experiments. In order to construct the
network, the following strategy has been followed. A certain
node, say k, is connected to any other node with probability
equal to 0.3, and it is connected to itself with probability 1. Addi-
tionally, the combination matrix C(n) is constructed according
to the Metropolis rule. Finally, the adopted performance metrics
used are as follows:

* mean square error (MSE), which
(dr(n)—uy , wi(n))®
Zk 1 N

is defined as

>

* mean square deviation (MSD), which is defined as
Zk Iw* —we () |* W (=)
The experlments are averaged over 100 realizations for
smoothing purposes.

We compare the proposed algorithm 1 with a) the adapt-com-
bine LMS of [22] (A-C LMS), b) the consensus based LMS
[18] (D-LMS), and c) with the Adaptive Projected Subgradient
Method in Diffusion networks (APSMd) proposed in [19]. In
the first experiment, we consider a diffusion network with N=20
nodes, and the unknown vector w* is of dimension 7n = 60. The
noise profile for this network is obtained with o, = 1073, ep, =

5. The parameter € = /20, for both the proposed algorithm
1 and for the APSMd and the parameter €} = 2¢;,. Furthermore,
the number of hyperslabs onto which we project, in each step,
is ¢ = 8, whereas the convex combination multipliers are all
equal, ie., wy,, = L and we let pr(n) =1, k=1,...,N,
for algorithm 1 and APSMd. It has been experimentally ver-
ified that for such a choice, the projection based algorithms
exhibit very good convergence performance as well as a low
steady state error floor. For the A-C LMS, the stepsize equals
to urars = 0.01, whereas for D-LMS pp_rars = 0.006. The
stepsizes in the LMS-based algorithms are chosen so that the
algorithms reach the same steady state error floor in the MSE
sense. Throughout our experiments, if we let PS‘L be the iden-
tity mapping, it turns out that the proposed algorlthm 1 and the

0,
-, (w) = k(di(n+1) — whug o1 )(—Ug ni1) withs € [0, 1],
kontl (dk(n + 1) - WTuk,n-l-l)(_uk,n-l—l)a

érsgn(de(n +1) —

WTuk',n+1)(_uk,n+l)a

if|dk(n + 1) — WTuk7,1+1| < Vi

if |dk(7l + 1) — WTuk7,1+1| = Vi

if v, < |dp(n+1) —w?T Wp 1] < Gk
otherwise

(20)
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APSMd have similar performance. Hence, as it can be seen in
Fig. 5(a) and (b), the extra projection onto the hyperslab S,’C’n,
which adds an O(m) expense on the computational complexity
of the algorithm for each node, enhances the results compared to
the other algorithms, as it accelerates the convergence speed for
the same error floor. Moreover, the proposed algorithm 1 outper-
forms the LMS-based algorithms and the APSMd, as it achieves
a better steady state error floor in the MSD sense. Nevertheless,
compared to the LMS-based algorithms, the proposed algorithm
1 and the APSMd require knowledge on the noise statistics, i.e.,
o, Yk € N . Moreover, for ¢ > 1, the projection-based algo-
rithms require some extra memory in order to store past data.
We would also like to mention, that through experiments, we
observed small discrepancies between the steady state perfor-
mances of the nodes, despite the fact that the noise statistics may
be different. This is also known as equalization property and it
is a common effect met in diffusion based algorithms, e.g., [9],
[18].

In the second experiment, [see Fig. 6(a) and (b)], the pa-
rameters remain the same as in the previous one. However, we
choose a larger ¥,,, namely 0.9, in order to compare the algo-
rithms in a more correlated environment. Furthermore, we alter
the step-sizes for the LMS-based algorithms. More specifically,
the values prars = 0.007 and pp_rars = 0.002 were chosen
in a similar philosophy as in the previous experiment. As it
is expected, the LMS-based algorithms result in worse perfor-
mance compared to the previous example of less correlated sig-
nals, something that holds true also in the classical LMS case
[16]. This performance trend can be seen both in the MSE and
the MSD curves, as algorithm 1 outperforms significantly the
LMS-based algorithms. Moreover, as it was the case in the first
experiment, it can be seen that the extra projection step acceler-
ates the convergence speed of proposed algorithm 1 compared
to the APSMd.

The scenario in the third experiment [see Fig. 7(a) and (b)]
is the same as the one in the first experiment, but now after a
number of iterations there is a sudden change in the channel. At
time instant » = 1800, w* changes to —w™*. This is a popular
experiment in adaptive filter theory in order to test the tracking
performance of the algorithm. As it is by now well established,
fast convergence speed does not necessarily guarantee a good
tracking performance [16]. It can be readily seen that the pro-
posed algorithm 1 shows a large capacity for tracking ability,
when a sudden change in the channel takes place. More specif-
ically, until the time instant at which w* changes, the perfor-
mance of the algorithms coincides with that of Fig. 5(a) and (b).
After the sudden change, the proposed algorithm 1 exhibits the
best tracking performance to the common steady state error
floor.

Next, the algorithms are compared in a scenario where a
subset of the nodes is malfunctioning. The number of nodes
is chosen equal to N = 10 and the vector to be estimated is
of dimension m = 30. Five of the nodes are malfunctioning,
so for them 02, = 400, and o,, = 0.01. For algorithm 2,
Y = 40, Y% = 2%, ¢k = Yk, ¢k = 5. Finally, the
rest of the parameters are ¥,, = 0.3, ¢ = 8 in the projection
based algorithms, pras = 0.08 and up_rars = 0.01. The
stepsizes, as in the previous experiments, were chosen so that
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Fig. 5. (a) MSE for experiment 1. (b) MSD for experiment 1. (¢) The statistics
of the network’s regressors.

the algorithms converge to the same steady state error floor, in
the MSE sense.

From Fig. 8(a), it can be observed that the projection based
algorithms converge faster to the common error floor. Further-
more, the proposed algorithm 2 and the APSMd have a sim-
ilar convergence speed. In Fig. 8(c), the average MSE, taken
over the healthy nodes only, is given. It can be seen that the
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Fig. 6. (a) MSE for experiment 2. (b) MSD for experiment 2. (c¢) The statistics
of the network’s regressors.

proposed algorithm 2 exhibits a significantly better steady state
error floor compared to the other algorithms. The reason that
the proposed algorithm 2 achieves this improved error floor,
whereas in Fig. 8(a) the algorithms converge to the same one, is
a consequence of the fact that by taking into consideration the
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Fig. 7. (a) MSE for experiment 3. (b) MSD for experiment 3. (c¢) The statistics
of the network’s regressors.

malfunctioning nodes, the noise dominates the average MSE.
Furthermore, Fig. 8(b) demonstrates that the proposed algo-
rithm 2 also achieves a significantly improved steady state error
floor in the MSD sense, for the whole network. This implies that
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Fig. 8. (a) MSE for experiment 4 by considering all the nodes of the network.
(b) MSD for experiment 4. (¢) Average MSE computed over the healthy nodes.
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the estimate occurring is closer to w*. The LMS-based algo-
rithms result in the worst performance compared to the projec-
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tion based algorithms, which is expected as in the APSMd and
the proposed algorithm 2, robust cost functions are employed
for minimization. However, the proposed algorithm 2 results in
the lowest steady state error floor, since the Huber cost function
accounts for the outliers, that occur due to the malfunctioning
nodes, in a more focused way, compared to the hyperslabs used
in APSMd. Finally, the fact that the proposed algorithm 2 con-
verges slightly slower than APSMd, which can be seen from the
curves of Fig. 8(b) and (c), is not a surprising result and it is due
to the fact that in the case of hyperslabs the level set is reached
with a single projection, whereas in the proposed algorithm 2,
the corresponding level set is approached via a sequence of pro-
jections onto halfspaces that contain it.

VIII. CONCLUSION

Two novel efficient algorithms for distributed adaptive
learning in diffusion networks have been developed. The
schemes build upon convex analytic tools. A new com-
bine-project-adapt protocol, where in every node the informa-
tion collected by the neighborhood and the information sensed
locally are “harmonized”, is proposed. This is achieved by an
extra projection that takes place after the combination of the
received information, in every node, and before the adaptation
step. The goal is to bring the result of the former step closer
to the result of the latter one. Furthermore, the case where a
number of nodes are malfunctioning was considered, by uti-
lizing a Huber cost function, which is defined so as to take into
consideration the presence of outliers. Full convergence results
have been derived, while the stochastic analysis of this rich
family of algorithms remains an open problem and is currently
under investigation. The experiments verified the enhanced
performance of the new algorithms compared to previously
developed ones.

APPENDIX A
MATHEMATICAL NOTATION AND PRELIMINARIES

Basic Notions of Convex Analysis: A set C C R™, for
which it holds that Vby,bs € C and Vo € [0,1], ab; +
(1 — a)by € C, is called convex. From a geometric point of
view, this means that every line segment having as endpoints
any b1, bs will lie in C. Moreover, a function © : R™ — R will
be called convex if Vb1, by € R™ and Vo € [0, 1] the inequality
O(aby + (1 — a)by) < aB(by) + (1 — @)O(b,) is satisfied.
Finally, the subdifferential of © at an arbitrary point, say b, is
defined as the set of all subgradients of ® at b ([30], [31]), i.e.

20(b) := {s ¢ R™ : O(b) + (x — b)’s < O(x), ¥x € R™}.

21)
The subgradient of a convex function is a generalization of the
gradient, which is only defined if the function is differentiable.
As a matter of fact, if a convex function is differentiable, its sub-
differential is a singleton, with a single element, i.e., the differ-
ential of the function at this point. It is well known that the dif-
ferential at a point b has an elegant geometric interpretation. It
defines the unique hyperplane, which is tangent at b to the graph
of ©(x). Moreover, if ©(x) is convex, the graph of ©(x) lies in
one of the sides of this hyperplane. Similarly, each subgradient
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Fig. 9. Illustration of a gradient and two subgradients of a convex function.
Note that in b the function is differentiable, so there exists a unique supporting
hyperplane, which is tangent to the graph of the function, whereas in b the
function is not differentiable and there exist more than one hyperplanes, that
support the graph of the function.

at a point of a convex function is associated with a hyperplane
that leaves the graph of ©(x) on one of its side (supporting hy-
perplane). The only difference, now, is that there are more than
one, possibly infinite, such hyperplanes. This is basically guar-
anteed by (21) and it is illustrated in Fig. 9.

The distance of an arbitrary point b from a closed non-empty
convex set C is given by the distance function

d(-,C) : R™ [0, +00)
;b — inf{|[b—b| : b e}

This function is continuous, convex, nonnegative and is equal
to zero for every point that lies in C [31]. Moreover, the projec-
tion mapping, P onto C, is the mapping which takes a point w
to the uniquely existing point, Pc(w) € C, such that

lw — FPe(w)|| = d(w,C).

Italso holds that, Pz(b) = b, Vb & C. In the sequel, we present
some convex sets alongside their projection operators, that will
be used throughout this paper.

Given a scalar d and a nonzero vector u € R™, the definition
of a closed halfspace (Fig. 10(a)) is given by H~ := {w €
R™ : wTu < d} and the projection operator associated with it
is given by Pg-(w) = w — %ﬁz‘kd}u, Yw € R™. In
a similar notion, we define the hyperplane H := {w € R™ :
w’u = d} and the resulting projection operator is Pp(w) :
W — “’—”lul“';du, Yw € R™.

Another typical example of a closed convex set is a hyperslab,
which is illustrated in Fig. 10(b). For an € > 0, a hyperslab is
defined as the set S := {w € R™ : |d — wlu| < ¢}, and the
projection of a point onto it is given by

w, if|d —wlu| <e
d-w u-e : J—
Ps(w)y={ W+ —HUTIIZ u, ifd—w'u>e
w4 CI—IT:J—HE—HU’ ifd — wlu < —e.

This family of sets plays a central role in many applications,
e.g., [20], [32], and [33], and are associated with loss functions
that spring from the rationale of robust statistics [15], [25], and
[28].

Two more convex sets, which will be used in our theoretical
analysis of the algorithms, are the closed and open balls with
center ¢ and radius ¢ (Fig. 10(c)). The definition of the closed
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Fig. 10. (a) The geometry of a halfspace. Its boundary is a hyperplane.
(b) A hyperslab and the projection of a point onto it. (c) A closed ball Bjc 4.

ball set is: B ) := {w € R™ : [[w — ¢|| < 6}. In a similar
notion, the open ball is defined as B¢ s) := {w € R™ : ||lw —
c|| < &}.

Finally, the relative interior of a nonempty set, C, with respect
to another one, S, is defined as

rig(C) = {w € C: 3gg > O with } # (B(w ) NS) C C}.
This will be used in the proof of Theorem 1.4.

APPENDIX B
PROOF OF THEOREM 1

Proof of Theorem 1.1: Assume that for a fixed node, say
k, at time instant n + 1 we have estimated z (n). We define the
cost function, for any w € R™2

wp,d(Ze (1) Sk .5) )
- ) LETpt1
Okntr(w) = ifza(n) ¢ ) Sk
1€ETn+1
0, otherwise.

We also define L1 > jedn., whid(zi(n), Sk ;), for
which, by definition, L,y1 # 0 if zx(n) ¢ nje:],,,H Sk
The previous statement holds true obviously because if
ze(n) ¢ ey, Sk there exists jo € Jniq for which
d(z(n), Sk.j,) # 0 hence 3¢ 7w jd(zk(n), Sk,;) > 0.
It can be seen that this cost function is convex, continuous

and subdifferentiable. Its subgradient is given by [26]
o 2 wegd(ze(n), Skj)d (W, )
JETn+1
ifze(n) ¢ () Sk,
JEITn—1

otherwise

G 2:,n+1 (W) =

0,
(22)

2The proof when we use projections onto halfspaces, which are involved
when the Huber cost function is employed, follows similar steps. All one has
to do is to modify the cost function replacing projections onto hyperslabs with
projections onto halfspaces. However, the proofs rely on the properties of metric
projections and not on their specific form.
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where d'(w, Sy, ;) € 8d(w, S ;), and [31]

(ia(]/(W7 Sk,j)
w—Pg, (W) )
w5 W) ifw ¢ S
a certain subsct of Bjg 1) which contains O
otherwise.

Additionally, if w ¢ (;c 7 .| Skjandzi(n) € Njer, | Sk
from (22) a choice of a subgradient is

> ;e,n—i-l (W)

_ ! 3

L1
nt {1€Tnsr1 WSy i}

w = PSk,j (W)
d(w, Sk ;)

wkvj(l(zk(n), Sk-,j)

Finally, if z(n) ¢ N;ez, ., Sk
e;c,n—i-l (Zk(”))

1
= Z wk,j( k(n) — Ps, , (z (”)))
Ln+1 .
{1€Tnt1:21(n)ESk 5}
1

= Z wi; (2r(n) = Ps, , (ze(n))) -
Ln+1 .
JE€ETn—1
The last equality is true, due to the fact that if there exists jo €
Jnt1 such that z,(n) € Sy ;,, then zi(n) = Ps, . (zi(n)).
Now, recall the definition of M, (n + 1) given in (13). We
define

(23)

pr(n+ 1)
A 1 -_— 24
rin+1) = Mp( 1) 24)
One should notice here that M.(n + 1) S
(0.2) under assumption (2). In the case where
D jeTn 1 Whi (ze(n) — Ps, ,(ze(n))) # 0, if we go

back to the recursion given in (12) and combining (24) with
(22) and (23), we get

wi(n+1) =z,(n) + pp(n+1)

x| whPs, (zk(n) = 2x(n)

JETn+1
2wk d*(zx(n), Sky)
= zg(n) + Ap(n + 1) TETnt1 5
> wij(ze(n) — Ps, (z1(n)))
FE€ETnt1
x| wry (P, (20(n)) — 2x(n))
JETn+1
= zg(n) + Apln +1)
o 2 weyd(zr(n), Si)
JE€ETn-1 1
1 2 Ln+1
7o || X wey(2k(n) = P, (2k(n))
JETnt1
x| >0 wi (P, (za(n) — z(n))
JETn+1
@ n
=24 (n) = Ap(n+1)—2 +1(ze(n) O i (ze(n)). (25)
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Equation (25) is a slight modification of the adaptive pro-
jected subgradient method. Following similar steps as in
[26], and under assumption (1), then it can be shown that:
a(n) ¢ Njes,,, 568 Ok p(mm)| # 0.k €
N, ¥n > ng. So for the whole network we have (26) and
(27) shown at the bottom of the next page. Notice here
that P/ lH(vAv) = Ww,Vk € N. This argument is true
since w € Qn) = W € Sppt1 C S = W €
S Yk € N. Furthermore, one basic property of the

kn+1:
projection operator onto closed convex sets [34] states that

1Ps; . (@u(n)) = Ps; (W< ll§e(n) — W], Vk € N.

kont1 kont1 K .
Hence if we recall the properties of the Consensus matrix, we

have

z1(n) — w7
Zo(n) — W
ZN (77) — W
[ Ps; . (#1(n) = Ps; (W) 2
S5y ($a(n) — Psy (W)
L Psy, . (&n(n) — Ps, (W)
[ $1(n) — W ?
$o(n) —w
<[] = |G(n + Lyw(n) - %]
_¢AT(7L) — A
= |G(n+ 1)w(n) — G(n + 1)w]?
<G+ DPw(n) — wl* = [[w(n) - &[] (28)
Moreover, from the definition of the subgradient

O 1 (Z(1)(Z1(n) = W) 2 O 1111 (20(1)) = O 1 (W) =
Ok nt1(zZx(n)) > 0, where we have used the fact that
Ok n1(W) = 0, which holds by the definition of the cost
function, since W € [, Tniy Ok,j- Combining the last
argument with (27) and (28) we have

[w(n+1) - w|? < [[wn) — w)”
N
+Y M(n+1) (Oknt1(z1(n)))”
= HGMH zi(n ))H
N
22)% (n+1) (Okn11(7k(n)))?
k=1 HO’” n+1 (n)) H
= [[w(n) - |
N
S il (2 = Al 4 1)) e ()
= H@k n+1( (”))H
< |lw(n) - ﬁ”z —|lw(n+1) - EHZ
N .
> Z M(n+1)(2=A(n+1)) (Ok,nt1(zk(n))) >0
= kn+1( (L))H

29
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Hence, we conclude that [|[w(n+1) — w|| < [|w(n) — w].
This completes the proof of Theorem 1.1.

Remark 4: Here, we would like to point out that mono-
tonicity also holds in cases where the subgradients of some
nodes equal to zero. Assume, without loss of generality, that the
subgradient of node /, at time instance 71+1, is zero, which under
assumption (1) implies that z;(n) € (¢ Tva Stj- Then, from
[26] and if assumption (1) holds true, it can be proved that the
recursion for this node is w;(n + 1) = z;(n). Loosely speaking,
the second term of the right hand side in (25) is omitted. So, fol-
lowing exactly similar steps as in the previous proof, (29) be-
comes [|w(n) — W|| — [|[w(n + 1) = W[[ > 37, Ae(n +
1)(2 = Ay(n+ 1)) {Qma b))

ST )]
Proof of Theorem 1.2: We want to show that

lim, o d{wg(n + 1),Q(n)) = 0. The sequence
|w(n) —w]||* is bounded and monotonically decreasing,
hence it converges. So it is a Cauchy sequence, from which
we obtain that

w(n) —w|> = |[wn+1)—w|> =0, n—o. (30)

So from (29) and (30)
(Oknt1(zr(n)))?

2
H(H);c,vwrl(zk(n)) H
=0,VkeN. (31)

lim Ag(n +1)(2

n— 20

— Ap(n+1))

If we make one more assumption that states that ©}, , ., (z(n))
is bounded?, i.e., [|©} , 1 (zr(n))|| < D,Vk € N, ¥n € N,

3This assumption is realistic in general and it is adopted in the analysis of the
APSM related algorithms.
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under assumption (3) and if we take into consideration (31), we
have that

2 Ap(n +1)(2

D_g@k,n-i-l(zk«(”)) <

- A(n+1))

CACl
XOp nt1(zi(n)) —0,Vk € M.

From the last equation, we have that

h_I}Il Ok nt1(zx(n)) =0, Vk € N. (32)
Now, if we go back to the recursion given in (26) and combine
it with (31) we obtain

lim [Wi(n+1) —2zi(n)]| =0, Vk € N. (33)

Let us assume that v is an arbitrary point that belongs to ().
We have that |wi(n+ 1) —v| < |[we(n+1) —zz(n)|| +
||zx(n) — v||, where this holds due to the triangle inequality.
Therefore

it [we(n+ 1) = vl < o+ 1) = z(n)|

inf )
- velg(n) s (r

< lwi(n +1) — z(n)||
+ d(zi(n), An)). (34)

)=l

< d(wg(n—+1),Q(n))

Following the same steps as in [26] and taking into consider-
ation (32), it can be proved that

lim d(zr(n),Q(n)) =0. (35)

n— oc

r O1 hr1(z1(n
21(n) = (o + 1)M—;1§n;)>”zea,nﬂ<zl<n>>
[SF 1(z2
7(n) — Ao(n + 1)% b mt1(22(n)
win+1)= R = (26)
zx(n) — Av(n + 1)ﬁ N1 (23 (1)
L N n+l N AT
r O1 z1(n 2
z1(n) — M(n+ 1)M91,n+1(21(”))
1 7+1 1
25(n) = Ao(n + 1) 220 g L (25(n))
w(n+1) — w|” IR CHCON -W
[S] : zn(n
zZn(n) — An(n + 1)—”0 5 +1(Z\?(<n)_)))”2 O np1(zn(n))
o N, +1 i
~ 2
rzi(n) —w
z2(n) = W 2 4 1) (Ornia(z sy 2
+ Z )‘ 4 H@k,nJrl(Zk’r(n’))“
. HOW e
ZN( ) — W

-2 Z Al 1) Dbt @)OL  (24(0)) (24(n) — W)
- E—e|

27
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Taking limits into (34), and combining (33), (35) we conclude
that:

nh_r}loo d(wi(n+1),Q(n)) =0.

Proof of Theorem 1.3: First we need to prove the following
claim.

Claim 1: Assume that €}, > ¢; and that (1), (3) hold true.
Then, there exists na such that @, (n) € S .1, Vn > na, Vk €
N.

Proof: Since €, > ¢, for any vector w on the boundary
of S .11, there exists 2, which depends on the choice of
¢, and e, such that d(w, Si n+1) > €2. We have shown
that d(zg(n), 2(n)) — 0, n — oo under assumptions (1), (3).
However, since by definition 2(n) C S ,41 we have that
d(zi(n), Sk.nt1) — 0, n — co. Due to the last argument, there
exists no such that

d(zi(n), Skmy1) < %2, Yn > no. (36)
However, if 3n > ny such that ¢, (n) ¢ S} 1, then z(n) will
lie on the boundary of S, n+1- as it is the projection of ¢d.(n)
onto it. Hence d(z(n), Sy nt1) > €2 which clearly contradicts
(36). Thus our claim holds true.
The fact that ¢, (n) € S}, after some iterations, implies
that zy(n) = Ps;  ($(n)) = éi(n),¥n > ns. Recalling
(26) we have Vi > ngo

w(n+1)
O1,n41 n 7
¢1(n) — Aun +1) e - ((;511( . 01 ni1(@1(n))
1,41
[SEW. 5 (1
$o(n) = Aol + 1) St B 05 Ly (@a(n))
— 2 g1 \P2\7
oy Onnt1 By (M) ey ]
_‘f’N(n) An(n+ )||o n+l(¢:( Sk 7O 11 1(Bn (”))_
=G(n+1)w(n)— F(n+1) 37
where
F(n+1)
e 1) 91 nt1{e1(n)) o
1(” + )HO o (B (n ))”2 1 n+1(¢1(n))
Ao(n + 1>M O 41 (B2(n)

(051 (@ ()]

P ON,nJrl (¢N (Tl))

vt D

Taking into consideration (31) we have that

. 2
i [P+ 1)
N

= lim > [[Ax(n+1)

n — oC
k=1

Ok ni1(Bp(n) O 1 (8 ()|
H(H);f,n+1(¢k(”))H2

=0. (38)

4705
Now, going back and iterating (37), ¥ > no we have
win+1)=Gn+ )w(n)— F(n+1)
=G(n+1)G(n)w(n—1)
—Gn+1)F(n)— F(n+1)
= H G(n —j + Dw(ng)
n—j
Z [[ G0 -1+ 1)FQG) - Fn+1).
Jj=nqs+11=0

If we left-multiply the previous equation by (I, — BBT),
we obtain

(Inm — BBD)w(n +1)

= (Inm — BB") [] G(n—j+1)w(ny)

j=n2
n n—j
— (Iym - BB”) Y [[ G(n—1+1F(Q)
J=n24+11=0

— (Iym — BBHF(n +1).

If we exploit the decomposition of a consensus matrix, given
in (4), and follow similar steps as in [19, Lemma 2] it can be
verified that

lim (I, — BBD)w(n+1) =0,

n—r 00

(39

which completes our proof.

Remark 5: Note that the result of this theorem can be
readily generalized to the algorithm using the Huber loss
function. The only condition needed to guarantee asymptotic
consensus is leVSO(;)k,nH C 16V§()®k,n,+1, which by con-
struction of the loss functions is true. (]

Proof of Theorem 1.4: Recall that the projection operator,
of an arbitrary vector x € R™™ onto the consensus subspace
equals to Po(x) = BB?x,Vx € RY™. Let assumptions a), c),
d), and e) hold. Since assumption (e) holds, together with (16),
from [11, Lemma 1] we have that there exists w,. € O such that

. h_>1nOo Po(w(n)) = w,. (40)
Now, exploiting the triangle inequality we have that
[w(n) = w.ll <|[w(n) — Po(w(n))|
+||[ Wy — Po(w(n))|| =0, n—o00 (41)

where this limit holds from (39) and (40). The proofis complete
since (41) implies that lim,, — ., w(n) = W..
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